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■ stochastic process hits a random barrier L. The insider knows this barrier (as it can be 

. the case for example for the manager of the counterparty), whereas standard investors only 

observe its value at the default time. All investors aim to maximize the expected utility from 
terminal wealth, on a financial market where the risky asset price is exposed to a sudden 
loss at the default time of the counterparty. In this framework, the insider's information is 
modelled by using an initial enlargement of filtration and t is a stopping time with respect 
to this enlarged filtration. We prove that the regulator must impose short selling constraints 
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1 Introduction 



The insider's optimal investment is a classical problem where an investor possessing some extra 
flow of information aims to maximize the expected utility on the final value of her portfolio. As 
the insider has more information, she has access to a larger set of available trading strategies, 
leading to a higher expected utility from terminal wealth. In the literature, an interesting 
question has been studied: what is the cost of the extra information? From an indifference 
point of view, we search for the value at which the investor accepts to buy the information at 
the initial time, that is, the amount of money she is ready to pay such that this cost is offset by 
the increase of the maximal expected utility. This is the approach adopted by Amendinger et 
al. [1], where the authors study the value of an initial information in the setting of a complete 
default free market. The extra information they consider is a terminal information distorted 
by an independent noise, for example, a noisy signal of a functional of the final value of the 
assets. We adopt a more direct manner: we are interested in the gain of the insider from her 
investment strategy on the portfolio compared to other investors not having access to the extra 
information. The originality of our paper is to study this problem in the context of credit risks: 
the insider's information concerns the default risk of a counterparty firm. 

During the financial crisis, the counterparty default has become an important source of 
risk we need to take into account. Jiao and Pham [Hj have considered an optimal investment 
problem where the risky asset in the portfolio is subjected to the default risk of a counterparty 
firm and its value may suffer a sudden loss at the counterparty default time r. This paper is 
a good benchmark in our study in order to quantify the value of the extra information. The 
accessible information for a standard investor is described as in the classical credit risk modelling 
by Bielecki and Rutkowski using the progressive enlargement of a reference "default-free" 
filtration F = {J-t)t>o by the default r. To analyze the impact of default, the default density 
framework developed in El Karoui et al. [5] has been adopted. 

This current paper concentrates on an insider in comparison with a standard investor. Both 
agents can invest in the same risk-free asset and risky one and they observe the same market 
price for each asset. However, the insider possesses more information on the risky asset since it is 
infiuenced by the counterparty default on which the insider has additional knowledge. Due to the 
extra information, the insider may gain larger profit. The insider's information is modelled by 
using an initial enlargement of filtration as in [1] and in Grorud and Pontier [7] . More precisely, 
in the credit risk context, we model the default time r as the first time that a stochastic process 
hits a random barrier L. The insider knows the barrier from the initial time and the other 
investors only see its value at the default time. This extra information is called the insider's 
information, or the full information in Hillairet and Jiao [9]. 

We shall consider the insider's optimization problem in parallel with the one studied in |14] . 
The canonical decomposition of processes adapted to the enlarged filtration induces to specify 
the investment strategies on the two sets: before-default one {t < r} and after-default one 
{t ^ ''"}; which is a similar point to [14]. However, due to the extra knowledge on the default 
barrier L, the insider's strategy depends on L before the counterparty default, which is not 
the case for the standard investor. If the default occurs, the insider's strategy will depend on 
the default time r. From the methodology point of view, the main difference here is that for 
the insider, the default time is modelled as in the classical structural approach model since the 
random barrier L is known, so that r becomes a stopping time w.r.t. the reference filtration F. 
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Therefore, the default density hypothesis, which is crucial in [T3], fails to hold for the insider 
and we can no longer adopt the conditional density approach in this situation. We apply the 
theory of initial enlargement of filtration, assuming that the conditional law of L given Tt is 
equivalent to the law of L. The corresponding Radon Nikodym derivative process, ipt{-),t > 0) 
will play a key role in our methodology. 

The main observation of our study is that, if the short-selling is not regulated, then the 
insider can obtain unbounded terminal wealth. This justifies the necessity to consider the 
optimization problem with portfolio strategies where the short-selling is limited to a given level. 
We decompose the optimization problem as an after-default problem and a global before-default 
one, that we solve respectively by using the dual and the dynamic programming methods. To 
make comparison with the standard investor in [l^ , we choose to consider CRRA utility function. 

The paper is organized as follows. In section 2, we introduce the model for the counterparty 
default, and we define and compare the informational structure of an insider with respect to a 
standard investor. In Section 3 we present the insider's investment problem and we decompose 
it into an after-default and global before-default ones, using the Radon Nikodym derivative 
process. We also prove the necessity of imposing short selling constraint for the insider to 
exclude the value process to reach infinity. In Section 4 we solve the two optimization problems: 
the after-default one through duality methods in a default free complete market, and the global 
before-default one through dynamic programming approach. We perform theorical comparison 
of the value process of the after-default optimization problem, and for the global before-default 
optimization problem, the comparison is done in Section 5 through numerical illustrations. 

2 Counterparty default model and information 

We first introduce the model for the counterparty default, which is a general and standard 
model in the credit risk analysis. Let us fix a probability space (0,21, P) equipped with a 
reference filtration F = {J-t)t>o satisfying the usual conditions, which represents the "default- 
free" information. Let r be a positive random time denoting the default time of the counterparty, 
which is not necessarily an F-stopping time. 

• The default model 

We consider the default risk of the counterparty in a general barrier model. Let (Af,t > 0) 
be a positive F-adapted process representing the default intensity process of the counterparty. 
Denote by = Jq Xgds. It is an increasing process. We model the default time as the first 
passage time of the process A to a positive random barrier L, i.e. 

(2.1) T = inf{t > : At > L} 

where the default threshold L is a positive 2l-measurable random variable. In the particular but 
widely used case of Cox process model, L is independent of J-'oo and follows the uni-exponential 
law. In the case where L is constant or deterministic, r is an F-stopping time as in the classical 
structural default models. 

• Information of the insider 

We suppose that, besides the information on the "default-free" market, the insider has 
complete information on L: this is the case for example of the counterparty firm's managers who 
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determine the default threshold. This full information is modelled as the initial enlargement of 
the filtration F by L and denoted by G*^ = {Qt^)t>o, Qf = Ftya{L). Without loss of generality, 
we assume that all the filtrations we deal with in the following satisfy the usual conditions. 

We suppose that a standard investor on the market observes whether the default has occurred 
or not and if so, the default time r, together with the information contained in the filtration F. 
Mathematically, this information is represented by the progressive enlargement of filtration F 
by r, or more precisely, by the filtration G = {Qt)t>o where Gt = J^t^/ T^t, T^t = 0"(lr<s5 s < t). 
This is the standard credit risk modeling for an market investor as in [3]. 

The investor's information is included in the insider's information flow. We have Qt ^ Q^^ 
for any t > 0. In fact, before the default r, i.e., on the set {t < r}, the insider has additional 
information on L, so her information Q^^ is in general strictly larger than Qt. After the default 
occurs, both of them observe the default event and subsequently the value of L so that they 
have equal information flow. 

We recall the canonical decomposition of G^^-adapted (respectively G^^-predictable) pro- 
cesses (see Jeulin [13] Lemma 3.13 and 4.4). 

Lemma 2.1 1. For t > 0, any ^ -measurable random variable can be written in the form 
Yt = lr>tYP{L) + l^<ty/(r) where Yt^{-) and y/(-) are Ft ® B{M.+) -measurable. 

2. Any -adapted process Y admits the decornposition form Yt = IrytY^ {L) + lT-<(Y^^(r) 
where Y^{-) and Y'^{-) are F ® B{R+) -adapted. 

3. Any G'^ -predictable process Y admits the decomposition form Yt = 1t->(1^''(L) + lT-<(Y^^(r) 
where Y^{-) and Y^{-) are ■p(F) (E) B{W^)-measurable, V{¥) being the predictable a-algebra 
associated with the filtration F. 

Remark 2.2 To compare with the case of a standard investor, we recall that any ^t-measurable 
random variable Zt can be written as Zt = lr>tZt + ^T<tZt{T) where Zt and Zt{-) are respec- 
tively /"t-measurable and Ft ® ;6(M+)-measurable. 

3 Insider's optimization problem 

3.1 Portfolio investment strategy and wealth process 

From now on, a finite horizon T is fixed and all investment strategies take place from time 
to time T. The insider has access to the same financial market as the standard investor, more 
precisely, she can invest in two types of financial assets. The first one is a risk-free bond with 
strictly positive values. We choose it as the numeraire and assume, without loss of generality 
that the value of this bond equal to 1. The other asset is a risky one which is affected by default 
risk of the counterparty firm on which the insider has extra information. 

The price of this risky asset is observable by all investors on market at any time t € [0,T]. 
Since it is subject to the counterparty default risk, the price process is modelled by a G-adapted 

^Namely for any t > 0, the function Yt{-) is J-t ® B(R+)-measurable. 
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process S, which admits the decomposition form 

(3.1) St = + SHr)lt>r, 0<t<T 

where 5° is F-adapted and is F (g) fi(M+)-adapted. We suppose that the asset suffers a 

contagious loss at the default time of the counterparty, that is, 

5,1(0) = 5°_(l-7e), 

and that < 'jg < 1 for any 9 >0 so that the asset price remains strictly positive. The process 
7 is F-adapted and represents the proportional loss at default. 

We consider the trading strategy of the insider, who chooses to adjust the portfolio of assets 
according to information accessibility. Therefore, the investment strategy process is character- 
ized by a G^'^^-predictable process vr which represents the proportion of wealth invested in the 
risky asset and is of the form 

■Kt = lt<rT^t{L) + U^r-n-lir), 

where 7r''(-) and 7^^{-) are 'P(F) ^ jB(M-|-)-measurable processes. Starting from an initial wealth 
Xq G ]R+, the total wealth of the insider's portfolio is then a G^'^^-adapted process given by 

(3.2) Xt = lt<rX?{L) + lt>rXliT) 

where the before-default wealth process satisfies the self-financing equation 

(3.3) dX?iL) = Xf{L)7r^{L)^, 0<t<T 

and after the default r, the wealth process has a change of regime in its dynamics and satisfies 

(3.4) dXl{T)=XHr)nhT)^§j^, t e It,TI 

At the default time, the wealth has a jump in its value. Therefore, at time r, the initial value 
of the after-default wealth process is 

(3.5) Xl{r) = XUL){l-7r'r{Lhr). 

We suppose that 7r^{L)jT- < 1, so that the wealth remains strictly positive after the jump due 
to the counterparty default. 

We consider the following dynamics for the asset price S on before-default set {t < r} for 
and on after-default set {t > r} for 5"^: 

dS^ = S^in^tdt + a^dWt), 0<t<T 
dSl{B) = Sl{9){nli9)dt + al{9)dWt), 9<t<T 

where the coefficients fi^ and are F-adapted processes, fi ^{9) and a^{9) are F(g);B(M+)-adapted 
processes, and W is an F-Brownian motion. In addition, we suppose the integrability condition 

Jo o-* Je (^tiG) Jo Je 
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So the values of the before-default and after-default wealth satisfy the dynamics 

(3.6) dX^{L) = X^{L)7r'}{L){fi'}dt + a'^dWt), 0<t<T 

(3.7) dX^r) = XHT)7r}{T){f,l{T)dt + al{T)dWt), t e lT,Tj 



and the jump at default of the wealth process is given by the equality (jS.Sp . Finally, we define 
the admissible trading strategy family Al as the set of pairs (7r'^(-), 7r"^(-)), where 7r'^(-) and 7r^(-) 
are ^(F) S(M+)-measurable processes such that 



(3.8) V/>0, 



/ \4{l)a^t\^dt + / \TTl{Ti)cjl{Ti)\^dt < OO and < (/)7,^ < 1, a.s., 

Jo JriAT / 



where ti is the F-stopping time defined by r/ := inf{t : At > I}. 

Remark 3.1 Let A denote the set of all G*^-predictable processes vr such that \Trtcrt\'^dt < oo 
and TTr^r < 1- If ('''""(O' ^^(O) is an element in^x,, then {nt = Tr^{L)lT->t + 'n'ti'^L)'^T<t,t > 0) is a 
processus in the set A. Conversly, given a process ir ^ A, there exists a pair (7r'^(-), 7r^(-)) € Al 
such that TTt = 7rj'(L)l,->j + tt^ {TL)lr<t for any t > 0, thanks to Lemma [2?T1 



3.2 The optimization problem 

The insider has the objective to maximize her expected utility function on the terminal wealth of 
the portfolio. Let U he a utility function defined on (0, +oo), strictly increasing, strictly concave 
and of class on (0, +oo), and satisfying lim^_-.o+ U'{x) = +oo and lim2,.^.oo U'{x) = 0. 

We shall consider the problem 
(3.9) Vo = sup E[U{Xt)] 

and search for the optimal strategy vf for the insider. A similar problem has been studied in 
[11] for a standard investor with G-predictable strategy vf = (vf'', 7f^(-)) and G-adapted wealth 
X = {X ,X (■)). The admissible strategy set A consists of pairs vr = (vf^, 7r"^(-)) where and 
7f^(-) are respectively F-predictable and 'P(F) (g) ;B(]R+)-measurable, and such that 

ye G M+, / |7f?(J?pdt + / \wj{e)al{e)fdt < oo and W% < l,a.s. 
Jo Je 



In this paper, we concentrate on the insider's optimization problem (j3.9p and we are inter- 
ested in the information flow impact on the trading strategies. Intuitively, the insider should 
have a larger gain of investment due to the extra information. Indeed, if the investor and the 
insider have the same utility function and if they can invest in the same financial assets, then 
the only difference between them relies on their available information in the sense that the corre- 
sponding filtrations satisfy G C G^ , which implies the same inclusion for the sets of admissible 
strategies: A C Al- Thus the corresponding value functions satisfy 

(3.10) Vo := supE[U(Xt)] < Vq. 
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since the supremum in Vq is taken on a smaller set than the one in Vq. Remark here that on 
a given sample path, it may happen that U{Xt) > U{Xt) if both investor and insider follow 
their optimal strategies vf and vf respectively, but one always have in expectation for optimal 

strategies E[U(Xt)] < E[UiX$)]. 

The expectation E[C/(Xr)] can be written, by using the wealth decomposition formula ()3.2p . 

as 

(3.11) E[U{Xt)] = E[lT<rU{X^{L)) + lT>rU{XUr))]. 

The aim of the above formulation, similar as in [H], is to reduce the initial optimization problem 
in an incomplete market into two problems : the after-default and before-default ones. Nev- 
ertheless, the approach we adopt here is different since, as mentioned previously, the random 
time r is not a totally inaccessible random time for the insider and we can no longer use the 
conditional density approach to solve the problem. 

Our approach will use the theory of initial enlargement of filtration (also called the strong 
information modeling in [2]) by using the value of the random default barrier L known to the 
insider. More precisely, we introduce a family of F-stopping times ti = mf{t : > /} for alH > 
which are possible realizations of L and we work under an equivalent probability measure 
under which L is independent to J-t- Thus in our framework, we shall need the Radon-Nikodym 
derivative process Pt{L) which is the density of the historical probability measure P with respect 
to this equivalent probability measure P^ and it will play a similar role as the default density 
process in 



This probability density hypothesis is given below. It is a standard hypothesis in the theory 
of initial enlargement of filtration due to Jacod [111 [T2] . 

Assumption 3.1 We assume that L is an ^-measurable random variable with values in ]0, +oo[, 
which satisfies the assumption : 

¥{L G ■\Ft){uj) ~P(L G ■), yt G [0, T], P - a.s.. 

We denote by Pl'{uj,dx) a regular version of the conditional law of L given J-j and by the 
law of L (under the probability P) . According to [12] , there exists a measurable version of the 
conditional density 

(3.12) p^(x){lo) = ^{u;,x) 
which is a positive (F, P)-martingale and hence can be written as 

(3.13) pt{x)=po{x)+ [ Ps{x)ps{x)dWs, VxG]0,+oo[, t e [0,T] 

Jo 

for some F-predictable process {ptix))te[o,T]- It is proved in [7] that Assumption 13. II is satisfied 
if and only if there exists a probability measure equivalent to P and under which Tt and ct{L) 
are independent. Among such equivalent probability measures, the probability P^ defined by 
the Radon-Nikodym derivative process 

Ep^:^ Gt'] =pt{L) 



7 



is the only one that is identical to P on T^. For examples of L and explicit computations of 
corresponding pt{L), interest reader may refer to [lOj . 

We recall that we consider the optimization problem (j3.9p Vq = sup^g^^ E[C/(Xt)]. Since 
the initial fj-field is non-trivial, it is useful to consider the conditional optimization problem 

(3.14) esssupK[U{XT)\Go^], 

where Qq^ = cr{L). The link between those two optimization problems (j3.9p and (j3.14p is given 
by [1] : if the supremum in (j3.14p is attained by some strategy in Al, then the cj-wise optimum 
is also a solution to (13. 9p . Although the supremum is not necessarily attained in our problem, 
we will see in Proposition 14.121 that there exists a sequence of admissible strategies vr^ such 
that 'E[U{X^")\Q^] converges in to (I3.14p and we can prove that for the same sequence, 
E[C/(XJ")] converges to Vq. Thus, we will first solve the optimization problem (j3.14p . and then 
deduce the solution of (13. 9p by taking the expectation, as explained in the following Proposition: 

Proposition 3.2 Under the Assumption \3. 1\ one has 

E[U{XtW] = E [pt{1) {lT<r,U{X^T{l)) + lT>nU{X},{n)))]^^^ 
E[[/(Xt)] = / E [pt{1) {lT<nU{X^{l)) + lT>r,U {X^{ti)))] P'^idl) 

where for I > 0, ti := inf{i : At > /}. 

Proof: We will use the change of probability to in order to reduce to the case where L and 
Tt are independent. Firstly, by (13. lip . 

E[U{XT)\g^] = E[lT<rU{X^{L)) + lT>rU{X^{T)) \L\ 

= Ep. [pt{1) {lT<nU{X^{l)) + lT>r,U{XHn)))]^^^ 
= E [pt{1) {lT<nU{X^il)) + lT>r,U{xUri)))]i^^ 

where the last two equalities follow respectively from the facts that J-'oo and (t{L) are independent 
under P^ and that P^ is identical to P on Tt- Thus 

E[UiXT)] = E[E[lT<rU{X^{L)) + lT>rUiXUT)) \L\] 

= I E[pT{l)[lT<nU{X^T{l)) + lT>nU{X),{n)))]P^{dl). 




This motivates to introduce, for any I > 0, the set Ai of pairs vr = (vr'^, 7r'^(-)), where vr'^ and 
7r^(-) are respectively E-predictable and "/-"(F) ® S(M+)-measurable processes, such that 

|■Tl^T r-T 

(3.15) / \TTta^\^dt+ j |7ri(r/)crt (T«)p(it < cx) and 7r° < 1, a.s. 
and consider the following optimization problem 

(3.16) Vo{l) = sup E [pt{1) {lT<nU{X^) + lT>r,U {X^in)))] , 
where ti is the F-stopping time inf{t > : At > /}. 
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3.3 The necessity of limiting short selhng for the insider before default 



In this subsection, we show that if the regulators do not impose any constraint on short sehing 
for the insider before the default of the counterparty, then the insider can achieve a terminal 
wealth that is not bounded in L^. 

Proposition 3.3 We suppose that the following conditions are satisfied: 

(1) the process A is a.s. strictly increasing on [0, T], 

(2) for any I in the support of the distribution of the law of L, one has P(A7^ > Z) > 0. 
Then we have 

esssupE[XT I Q^] = +oo a.s. 
In addition, for any utility function U such that lim U{x) = A-oo, 

esssupE[C/(XT) I Gq] = +00 a.s. 

Proof: Let ip : ]0,+oo[— )• ]0,+oo[ be an increasing function such that (p{l) < I for any 
I €]0,+oo[. Let > be a constant. For each / g]0,+oo[, we define a strategy 7r(/) = 
{tt°{1),tt^-)) G Ai as follows 

Note that (7r^(-), 7r^(-)) is an admissible strategy in Al. The value at the time ti of the cor- 
responding wealth process X^'^{1) is equal to (1 + 7t-;V')^'^-1^- By the dynamics of the wealth 
process ()3.6p and (j3.7p . on {ti < T}, we have 



Xi^;^ = Xo{l + jr,^) exp ( - r + ^(a?) - / 



a'^ipdWt 



Moreover, 

E[Xr|C] = E [pt{1) (lT<nX^(/) + lT>nXUri))]^^^ > E [1t>.,Pt(/)^.^''^ 



l=L 



Now fix an increasing sequence {(pn)n>i of functions such that fn{l) < I for / g]0, oo[ and that 
lim„_j.+oo y'nlO = ^- By the condition (1), one obtains that T^„{i) converges a.s. to ti when 
n — 7> +00. The sequence of random variables j^^^'^^^^j. a^il) dWt, n > 1 converges a.s. to 0. Then 
by Fatou's lemma 

liminf E[1t>.,Pt(0^^"''^] > E[1t>.,Pt(0^o(1 + TnV')] 

which implies the first assertion since ^{ti < T) > by condition (2). We use the similar 
argument and the assumption on U to obtain 

lim E[lT>r,PT(/)t/(^o(l + 7r,V'))]i=L = oo. 
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Remark 3.4 The strategies mentionned in this proof are not arbitrage strategies because for 
any fixed function ip as in the proof, P(T G [''"(^(L)! ''"[) > and on this event, the strategy of the 
insider that consists of betting on the default before maturity T turns out to be a wrong bet. 
Thus, on a non nuh probability set, the strategy of a standard investor outperforms the one of 
the insiders, although the converse inequality holds on expectation. 

Proposition 13.31 justifies to consider, instead of Al defined in (13. Sp . the following admissible 
trading strategy sets for the insider : for all 5 > 0, 

(3.17) Ai = {(7r°(-),7r^(-)) G Al such that 7r° > -5] 

and to quantify the impact of the lower bound 5. Similar to (j3.15p . we define 

Af = {(7r°,7ri(-)) G Al such that 7r° > -5}. 



Before considering the main optimization problem 



(3.18) esssupE[J7(XT) 1^0 



Ml 



we first consider an alternative family of optimization problems depending on the parameter 
I € ]0,+oo[, 

(3.19) ^0^(0 := sup E [pt(1) {lT<r,U{X^{l)) + lT>r,U{X^{Ti)))] . 

The following theorem shows that the optimal value of the optimization problem ()3.18p is actu- 
ally equal to Vq{L). 



Theorem 3.5 With the above notation, we have 



V^{L) = esssupE[;7(Xr) | Go^] a.s 



Proof: Assume that (7r°(-), 7r^(-)) is an element inAj^, then (7r°(/), 7r^(-)) G Af. By Proposition 
13.21 we obtain that 

esssupE[C/(XT) I Go^] < Vo^{L). 



For the converse inequality, we shall use measurable selection theorem. For any e > and any 
/ G ]0, oo[, let Fi;{l) be the set of strategies (tt'', 7r-^(-)) G Af which are e-optimal with respect to 
the problem (j3.19p . namely such that 



E [pt{1) {lT<r,UiX^{l)) + lT>r,U{XUTl)))] 



> 



l/e, if Vo\l) = +00. 



By a measurable selection theorem (cf. Benes [51 Lemma 1]), there exists a measurable (with 
respect to /) family {{■k^{1),tt^{-,1))}i^^^ such that {n^ (l) , tt^ {■ , I)) G -^^(O for any / > 0. Finally 
let 

xO(.):=^°(-), ^h^)--=U>.7rUx,A,). 
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We have {tt^ {■) , tt^ {■)) G Al and 7rj^(r;) = Trl{Ti,l) for any Z > on {r^ < t}. Therefore, by 
Proposition 13.2^ 

E[U{Xt) I = E [pt{1) {lT<nU{xUl)) + lT>nU{X^{Ti)))]^^^ 

Wo\L)-e, ifyo'^(L) <+oo, 
if ^(^(L) = +00. 

Since e is arbitrary, we obtain E[U{Xt) \ > Vi^{L). □ 



> 



4 Solving the optimization problems 

In this section, we concentrate on solving the optimization problem (j3.19p 

sup E [pt{1) {lT<nU{X^{l)) + lT>r,U{X^{Ti)))] 

for any fixed I > 0. We recall that the before-default and after-default wealth processes 
and X^ are governed by two control processes vr'' and vr^ respectively, so we need to search for 
a couple of optimal controls vr = {n^ , vr^ ) . In Theorem 14.11 we explain how to decompose the 
optimization problem into two problems each depending only on Tr*^ and on vr^ respectively. 

The after-default optimization problem will be solved firstly, using the after-default filtration 

E^ '■= i^riVt)telO,T]- 

Remark that the initial u-field of the filtration is not trivial : 

J'o=J'r, = {Ae^:An {ti <t}eTt,te [o,r]} 

and Ti is Jv; -measurable. All the F^-adapted processes involved in the after-default optimization 
problem are indexed on the right-upper side by the symbol "1". In particular, we denote by 
X^'^'{ti) the solution of the SDE (13. 7p defined on the stochastic interval |Ti,r] starting from 
the F-stopping time ti with Jv^ -measurable initial value xi. We define by Aj the admissible 
predictable strategy set {TTj{Ti),t s]T;,r]) such that /^^'^'^ l"^* (''";) '^t(''"OP^* < ^ 

The global before default optimization problem involves the solution of the after-default opti- 
mization problem and will be solved in a second step, using the stopped filtration F" 

E° := i^TiAt)telo,T]- 

All the F°-adapted processes involved in the after-default optimization problem are indexed 
on the right-upper side by the symbol "0". The admissible predictable strategy set A^'^ is 
{TT^{l),t G [0,T, AT]) such that /J"'^^ \TT^{l)a^\'^dt < 00, 7r^{l) > -6 and 1 > vr^ (/)7^,, a.s.. 
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Theorem 4.1 For any I > 0, we denote by V^^{xi) the optimal value of the after-default opti- 
mization problem 

(4.1) V^^ixi) = esssup E[pT{l)U{X^'''{Ti))\Tr,], 

then the global optimal value Vq{1) defined in (I3.19P can be written as the solution of a bef ore- 
default optimization problem as 

(4.2) V^{1)= sup E[lT<.,PT(0f^(^T(0) + lT>r,K!(^°(0(l-<(07rj)]. 

Proof: Consider firstly an arbitrary admissible strategy (vr'', 7r^(-)) G Af for a fixed / > 0. 
By definition, (vr?, t € |0,ri A TJ) G X^'^ and {irKn), t ^}tuT\) e A\. Taking the conditional 
expectation with respect to Jv, leads to the following inequalities 

E [pt{1) {lT<nU{XUl)) + lT>nUiXUn)))] 

= E [lT<rMl)U{X^{l)) + lT>r,E (pt(0 ^(^T (^0 ) l-^r, ) ] 

< ^o'(0- 

For the converse inequality, let us assume for the moment that the esssup in the definition 
(|4.ip is achieved for a given 7r^(r;) (see section [5T] for the proof). Then for any (vr^, t € [0, r;]) in 
A^' , by a measurable selection theorem, there exists a V{¥) (g) ;B(]R+)-measurable process vr-'^(-) 
such that 7r^{Ti) = Tt^iri) on ]ri,r] and that (7r^,7ri(-)) G Ai, where we have extended vr*^ to an 
F-predictable process on M.^. Thus 

^0^(0 > E[w,pT(/)f/(^^(/)) + iT>.,v;i(xO(0(i-<(/)7rJ)] 

By taking the supremum over all (7rj(/),t € [0, t;]) € A^'^ , we obtain the desired inequality. □ 

Remark 4.2 The supremum in Vq{1) can be approached by a sequence of admissible strategies 
in A^' (see Proposition I4.12p . which induces a sequence of strategies in A^^ such that the cor- 
responding value functions converge to Vq := sup^g_4£ E[U{Xt)]- Thus Vq = f^^ Vq (l) P'^ {dl) . 

Remark 4.3 The process {pt{l),t € [0, T]) is essential in our approach of initial information 
and plays a similar role to the default density process in [13] {at{9),t S [0,r]) defined as 
at{0)d9 = P(r G d9\J-t). Thus, to quantify the gain of the insider (as in the forthcoming 
Proposition 14. Sp . it is interesting to compare those two processes. 

• In the particular case where the J-i-conditional law of L admits a density gt{l) w.r.t. the 
Lebesgue measure, the default density can be completely deduced (see [6l Proposition 3]) 
in this framework as at{6) = Xegti^e), t > 9 and at{6) = E[ae{9)\J't], t < 9 where A is the 
process given in Section 2. 

• In the general case, the law of L can have atoms, then the default density does not exist 
and the approach in [H] is no longer valid, whereas the insider's optimization problem can 
be solved with the process p. (0- 
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4.1 The after-default optimization 



In this section, we focus on the after default optimization problem (14.11) in the filtration = 

(•^ r;Vt)tG[0,r] 

V^ixi) = esssup nPT{l)U{x]:''\Ti))\Tr,] 

where ti is an F-stopping time and the initial wealth xi is Jv^ -measurable. This problem is 
similar to a standard optimization problem, we will extend the results in our framework where 
the initial time r/ is a random time (and is an F-stopping time). We define the process 



I fTlVt 



du), tG[0,T]. 



This process is an F^-local martingale (cf. |15^ page 20]), we assume that the coefficients h^{ti) 
and o"^(r/) satisfy a Novikov criterion (see Theorem 14.41 below) so that (■^t(T/))f(=[o,T] is ™ 
martingale. 

Theorem 4.4 We assume that for any I > 0, the coefficients fJ-uiTi) and o"^(t/) satisfy the 
Novikov criterion 



E 



exp(i 



nVT 



du 



< oo. 



Then the value function process to problem (]4.ip is a.s. finite and is given by 

Zt{ti)^ 



(4.3) 



PT{l)U{l(yr,{xi) 



Pt{1) 



where I = ([/') and the Lagrange multiplier yni-) is the unique Jv^ (8) B{M^) -measurable 
solution of the equation 



Zt{n) 



E 



ZT{Tl)l{yri{xi 



The corresponding optimal wealth is equal to 

1 



(4.4) 



E 



ZT{n)HyTi{xi 



Zt{ti) . 

vt{1) ' 

Zt{ti) 



-^0 



Xl. 



Pt{1) 



Proof: Note that after the default, the market is complete. The process Z{ti)X^'^^{ti) is 
a positive local F^-martingale, and thus a supermartingale, leading to the following budget 
constraint : 

(4.5) E(zT(r;)X^'"'(rz) 

Conversely, the martingale representation theorem on the brownian filtration implies that for 
any Ft 'S> ,S(]R+)-measurable Xt{-), there exists a V(¥) (g) ,B(]R+)- measurable process such 
that 

rnVT 

XT{Ti)lr,<T = nXT{Tl)lr,<T\Fr,) + / Mri)du 



4) < XI. 
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Therefore the after default optimization problem is solved by the mean of the Lagrange multiplier 



p^{l)u[l{yrMi)^^)]\H 



and the optimal wealth is given by 



Zt{ri) 



E 



Pt{I-) 



and the Lagrange multiplier y-riixi) is Jv, ^ S(M+)-measurable and satisfies 
Xri'^'{Ti) = xi. The existence, uniqueness and measurability of the Lagrange multiplier y^ixi) 
in the case of a non trivial initial cr-field is proved in Proposition 4.5 of Hillairet [8]. □ 



where I = {U' 



We can already give a first analytical comparison of the value function process of the after 
default optimization problem between the initial information and the progressive information. 
We recall (see |14l Theorem 4.1]) that for the progressive information, this value function process 
at the default time 6 = ti is 



(4.6) 



E 



aT{n)U{l{yr,{x)^^) 

* o!T[n) 



T 



with y such that E 



Ztin) 



■J Ti 



which can be compared to the value function (j4.3p for an initial information. To do this, we 
assume that the J^-conditional law of L admits a density with respect to the Lebesgue measure, 
denoted as gt{l) (see Remark l4.3p . Using Assumption 13.11 it is sufficient to assume that the law 
of L admits a density with respect to the Lebesgue measure. 



Proposition 4.5 The value function processes of the after- default optimization problem for the 
initial information V^^{x) and for the progressive information V}^{x) satisfy 



VMx) 



where go{-) denotes the density of the law of L with respect to the Lebesgue measure and is 
supposed to be strictly positive. In addition, the ratio '^^^Ji^^ is J~ti -measurable and is also equal 



to 



Proof: On the stochastic interval |r;,r], the density of probability Zt{Ti) is the same for the 
initial and the progressive information, but not necessarily the Lagrange multipliers, although 
they satisfy the same type of equation. More precisely, y^i (x) is the unique Jv^ ;B(M+)- 
measurable solution of 



(4.7) 



E 



.Zt{ri) 



Hvt 



Zt{ti) . 



•J Tl 



14 



and ijri (x) is the unique Jv, (8) 



(4.8) 



E 



measurable solution of 



Ztin) pt{1) 



T 



X. 



We recall that 5't(0 is the density of the J-T^-conditional law of L with respect to the Lebesgue 
measure. According to (j3.12p and Remark [4.3l pt(0 = ^"^^ CiTiji) = ^TidTi^ri) = ^TidTil)- 
Thus the ratio ^p^^l^ = ^ti9o{1) is J>j -measurable. Furthermore, (|4.7p is equivalent to 



E 



arin) Pt{1) 



so the unicity of the Jv, -measurable solution of the equation ()4.8p implies that the Vnix)^ 



Ux). Therefore, |^ = A.,5o(0 and [/(/(y,, = U{l{yr,{x)^)) 



the proof by using again that the ratio 



"t(t;) 
Pt[1) 



Pt{1) 



Xrigo{l) is J>j -measurable. 



We conclude 



□ 



Remark 4.6 1. 



The constant is a threshold to compare with A^-; . For a given scenario, 
-^rn, which is often the case in practice, then the absolute value of 
the value function for the initial information is greater than the one for the progressive 
information. In this case, the insider puts a higher weight pt(0 the after-default 
optimization problem (j4.ip . compared to a standard investor whose weight is ar(r;). This 
means that pt{l) conveys more information than at(r/). Moreover, the smaller go{l) is, 
the greater is the gain of an insider. The interpretation is as follows: small value of go{l) 
means that ¥{L G dl) is small, thus the insider, who knows the real value of L, has very 
relevant information. 

Concerning the optimal wealth X^{ti) in ()4.4p . we can prove, using the same argument 
as in the proof of Proposition 14.51 that starting from a same wealth x; at the default time 
Ti, the optimal wealth process of the after-default optimization problem is the same for 
the initial and the progressive information, i.e. X^'^'{ti) = X^'^'{ti). This result is not 
surprising, since after the default, the two information flows coincide. But naturally the 
input wealth of the after-default optimization problem will not be the same for the two 
information flows since they are not the same before r;. 



if At, is smaller than 



We will quantify numerically the gain of an insider compared to a standard investor for the 
global optimization problem. We now consider, as in [H], Constant Relative Risk Aversion 
(CRRA) utility functions 

U(x) = — , 0<p<l, x>0 
P 



and I{x) = xp-i . Direct computations from the previous theorem yield the optimal wealth 



xl'^'in) 



E 

XI 


Pt{1) 


K Pt{1) J 


V 


T-l 


Ztin)^ 


Pt{1) 


^ Zt{ti)\ 
V Pt(1) ) 


p 

p-1 


J 
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and the optimal value function 



(4.9) 



E 



Pt{1) 



Vt{1) 



p-1 



1-p 



p 



where the Jv^ -measurable random variable K^-^ 



E 



pt(0 



1-p 



only de- 



pends on the stopping time r; and on market parameters. 



4.2 The before-default optimization 



We now consider the optimization problem (j4.2p with CRRA utility functions. Using (j4.9p . we 
have to solve : 



(4.10) V^{1) = sup E 



lT<nPTm{XUl)) + lT>nKr,U{Xl{l){l - <(07r,)) 



where the -measurable random variable Kn does not depend on the control process vr'^ € ' . 

We will use a dynamic programming approach. Recall that = (-^riAt)t6[o,T] is the stopped 
filtration at the default time. Since lt<r; is -^r;Arni6asurable, we have 

E[lT<.,PT(Of^(^T(0) + lT>r,i^r,f/(X° (0(1 " < (OTt, )) Ai] 

= li>.,AV,t/(xO(0(l-<(/)7.J) 

+ E[lT<.,PT(Ot^(^T(0) + W,<T/^r,C/(X°(0(l -<(07rj)|-F.,At] 

For any v G we introduce the family of F'^-adapted processes 



(4.11) Xt{y) ■■= ess sup E 



lT<nPTm{X^T{l)) + lt<n<TKr,U{Xl{l){l - ttO (/)7,J)|J-,,^, 



where >l^''^(t, z^) is the set of controls coinciding with v until time t: for any t G [0, T], z/ € -4^'*^, 
j^j^'^ [t, v) = {vr'^ G J^j^'^ : vr'^/^^ = z^.a*}, X^'^ denotes the wealth process derived from the control 
V G We have V^{1) = Xo{v) for any v G 

In the following result, we show that the short selling constraint plays a crucial role in the 
optimization. In fact, it is the optimal strategy at the default time. 

Proposition 4.7 For any t:^ G , there exists a sequence of strategies (vr^ G ^°''^)„gN* such 
that vr^ .j.^ = —5 and 

lim A'o(^°) > ;fo(7rO). 
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Proof: Let (r„)„gN. where r„ < ti be an increasing sequence of F-stopping times that converge 
to T;. Starting from a strategy vr*^ € ^i'^ , we define another strategy vrjij = lio^-^jTr*^ — l^^^^^^^S 
that remains in J^i'^ ■ We denote as X^(l) and ^^(0 the corresponding wealth before-default, 
and as Xq^-k^) and Xq^-k^) the corresponding value function for those strategies of the before 
default global optimization problem. On the one hand, by dominated convergence theorem, it 
is easy to check that 

liin ¥.[iT<r,pmu{xUi))-u{xiTm]=^- 



On the other hand, on the event {T > r^} 

X0(0(l-<(07r,) (l-<(07r,) 



cxp 1 / " (-(^0 + 5)^Il + \{o^s?{{<? - 5^))ds 

(l+57r,) 



^ implies that 7r^j(0 > —5 and ^]^_^o (;)ly ) ^ 1 (because 7 > 0). Tn ^ ti implies 
the exponential term tends to 1 a.s. Thus hm^lL ^^^j^jSjll^^ff j'^ > 1 and 



that 



lim E 

n— >+oo 



> E 



lT>.,i^.,^(<(/)(l-<(/)7.J) 



Consequently, 



lim A-olvr") > ^o(vr°). 



□ 



We now characterize the optimal strategy process. Prom the dynamic programming principle, 
the following result holds: 

Lemma 4.8 For any u € the process 

:= Xt{v) + lt>r,KnU{X'^fm - Ur,{l)ln)), 0<t<T 

is an ¥^ -supermartingale. Furthermore, the optimal strategy tt^ is characterized by the martin- 
gale property : (^^ )o<t<T is an ¥^ -martingale. 

Proof: Let s,t be two times such that s < t <T. 



E 
= E 



Xt{y) + U<r,<tKr,U{X];fm - UrS)lr,))\Tr,^s 



+ U>r,Kr,U{X'^f{l){l-Ur,{lhrd) 
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We make explicit the conditional expectation 



E 
-- E 



eSSSUp E[lT<r,Pr(Of^(^r(0) + lt<r,<TKr,f/«(/)(l - (07rJ)|^r,M] 
+ ls<r,<tKr,U{X!;f{l){l - Ur,{l)^r,))\Tr,^s 



(4.12) < esssup E[lT<.,PT(/)f/(^T(0) + W,<Ti^r,f/(X0(/)(l-7r0(/)7,J)|j; 



n/\s\ 



the last inequality following from the fact that in the last esssup, the optimal control is taken 
from the date s < t. Thus 



E 



and {£,t)o<t<T is an F^-supermartingale. It is an F'^-martingale if and only if the inequality 
(j4.12p is an equality for all t € [0,r], meaning that v is the optimal control on [0,t], for all 
t <T. This characterizes the optimal strategy. □ 



Remark that the F'^-adapted process 
(4.13) 

Yt-.-- 



U{xf{l)) 
ess sup E 



Pt{1) 



xni) 



xni) 



,(07n)|-7^r,M] 0<t<T 



does not depend on G ^l*'^; ^^^^ is constant after t;. We will give a characterization of the 
process Y in terms of a backward stochastic differential equation (BSDE) and of the optimal 
strategy. Before this, we give a characterization of F'^-martingale. 

Lemma 4.9 Let {Mt)t£[o,T] be an ¥^ -martingale. Then there exists an ¥ -predictable process (j) 
in Lf^c{W) such that Mt = Mq + <j)sh<ndWs, t E [0,r]. 

Proof: We first prove that (-Mt)te[o,T] is also an F-martingale. Indeed, for s <t <T 

Ms = K{Mt\Tr,As) = E{EiMt\Tr,)\Ts) = E{Mt\Ts) 

because Mt is J>j -measurable. Thus, by representation theorem for the F-martingale, and 
since {Mt)t£[o,T] is stopped at time r/, there exists an F-predictable process such that Mt = 



Mo + £(t}sls<r,dWs. 

We are now ready to characterize the optimal strategy. Remark that Yt 



□ 



is positive 



on |0,r/[ (and zero after r/) thus Y € L'^iF^) where 

L+(F°) := {Y : F°-adapted processes s.t. Yt > for t € [0, t,| and Yt = for t € [r/, oo[ }. 



18 



Theorem 4.10 The process Y defined in jg ) is the smallest solution in L'l~{¥^) to the BSDE 
(4.14) 



Yt = It<tiPt{1) + U<ti<tK^ 



(1 + Sjr 



+ 



f{9,Ye,(t>e)d9- 



4>edWe, tG[0,rATi], 



for some (j) G Lf^^iW), and where 
(4.15) f{s,YsAs)=P 



ess sup 

I'&Ai ,s.t. =~o 



Remark 4.11 As in Theorem 4.2 in [14] . the optimal strategy before defauh is characterized 
through the optimization of the driver of a BSDE. However, the main difference relies in the 
fact that in our case, the driver has a jump at the default time r;. Nevertheless, since the jump 
occurs (if it occurs) only at the terminal date of the BSDE, standard theory on BSDE still apply. 

Proof: By Lemma for any z/ € A^'^ 

er = u{x-^'\m, + ii>.,Av,c/(xf (0(i - ^^(OTrj o < t < r 

is an F'^-supermartingale. In particular, by taking v = 0, we see that the processes (Yt + 
Krilt>Ti)o<t<T, and thus {Yt)o<t<T are F'^-supermartingales. By the Doob- Meyer decomposition 
and Lemma l49l there exists (j) G -^z^oc(^)' ^ finite variation increasing F^-predictable process 
A such that: 



(4.16) 



dYt = <PtdWt - dAt, tG[0,rAr;]. 



From Ito's formula, we deduce that the finite variation process in the decomposition of the 
F'^-supermartingale v G A^'^ , is given by —A'^ with 

dA'^ = {X'^'\l)r{-dAt - ifi^tYt + a^MtKrJi^tdt - ^Yt\uta^\^dt - Kt^^—^^^dU>A 

Ay is nondecreasing and the martingale property of implies that 



dAt = 'p 



dl 



t>Tl 



and 



At = Aq + p ess sup 



— ys I I^sO-., I )dS + lt>ri " 



P 



Maximizing at r; leads to = —S (see Proposition 14. 7p and 



At = Ao + p ess sup 



v&Ai s.t. 



l-p 



y,|l/,CT0|2)ds 



+ lt>riKri- 



P 



Furthermore, Yt = 1t<tiPt{1) and {Yt)G<t<T is constant after r; , thus {Y^cj)) solves the BSDE 
(j4.14p . Note that Y is not a continuous process, it may jump at time r;. 
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We now prove that Y is smallest solution in the L+(F°) to the BSDE (jiJij) . Let Y G L+(F°) 
be another solution, and we define the family of nonnegative F*^-adapted processes ^'^(Y), v € 



,0,(5 
Ai , as 



= v{xf{i))Y, + \t>r,K,,\j(x^,fm - z^.,(/)7.j), * g [o,t]. 



By similar calculations as above, (i^^(y) = dM^*^ — dJ^^ where is a nondecreasing F^'-adapted 
process, and is a F''- local martingale. By Fatou's lemma, this implies that the process 
^''(y) is a F'^-supermartingale, for any v S ■^{^ ■ Since Yt = 1t<tiPt{1), we deduce that for all 



E 



c/(x^'^)1t<.,pt(/) + it>.,/^.,f/(x^;'(0(i - i^r,(07rj -^t' < f/(^r°)^^ * e [o,T]. 



Since p > 0, U{X^'^) is positive. By dividing the above inequalities by U{X^'^), we deduce by 
definition of Y (see (|4.13p ). and arbitrariness of G -^z' '^' that Yt < Yt, < t < T. This shows 
that Y is the smahest solution to the BSDE (gHI). □ 

For optimizing (|4.13|) via the BSDE (|4.14|) . a naive approach will consist in optimizing vr'' at 
time Ti, leading to an vr^^ = —6, and then optimizing for s < r/ the driver 

iys>-S ^ 

where Y^ is solution to the BSDE 

n -I- \p fT^Ti i-ThTi 

Yl' = lT<r,PT{l) + h<n<TKr,^-—-^+ f {9 ,Yg^ , <l)''g)de - (/."(iW,, telO,TATil 

p Jt Jt 

leading to the optimal portfolio tt^. Thus, the natural candidate to be the optimal strategy 
before default is 



(4.17) 7r"P:=l[o,.,pO-51 



but unfortunately 7r°P is not a predictable process. Nevertheless, we will prove the existence of a 
sequence of predictable strategies in ^['''^ such that the corresponding value function tends to the 
value function relative to this non predictable strategy. To do this, for any strategy vr^ € jP^' , 
we recall the corresponding value function of the before default global optimization problem 



(4.18) A'o(7r°) = E 



, 



lT<nPTm{X^'{l)) + lT>nKr,U{X:;{l){l - <(/)7rJ) 



Note that ()4.18p can also be defined for a strategy vr that is predictable only on [0, ti \ (and not 
necessarly on |0,r;]). Using Proposition 14.71 we have the following result: 

Proposition 4.12 The strategies (vrJJ = lio^m]^*^ ~ ■'■lT-n,Til'^) where t:^ is the optimal process for 
the driver of the BSDE 

Y^^ = lT<r,PT{^) + lt<n<TKr,^-—-^+ f^O ,Y^ - 4dWe. telCTAr^I, 

P Jt Jt 
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f{s,y,(l)) =p sup 

u>~5 



are in A^'^ and satisfy 



lim Xoiir^) = V{1) = E 

71— > + 00 



Proof: Let (r„)„gN. be an increasing sequence of F-predictable stopping times that converge 
to T/. For any integer n > 1, the strategy vr^ := 1|q .^.^^j-n-^ — lj^^^^j(5 is in ^^'"^ and tt^ converges 
to the non-predictable optimal strategy 7r°P defined in ()4.17p when n ^ oo. Moreover, for any 
n G N,, ;fo(7r°) < ;fo(vr"P) and by Proposition HTT] 



But the proof of Proposition 14.71 still holds if we change the value at time ti of the portfolio vr'', 
thus the converse inequality A'o(7r°P) < lim„_j.+oo -^ol^n) holds and 



E 



hm ^o«) 



□ 



5 Numerical illustrations 

We now illustrate our previous results by explicit models and we aim to compare the optimization 
results for an insider and a standard investor. We recall that all investors start with an initial 
wealth Xq. For the purpose of comparison, we choose a similar model with the one studied 
in [14]. More precisely, we let the parameters /i'^, a^, 7 to be constant, and ^^{0), (t^{9) are 
deterministic functions of 9 given by 

(5.1) f,\e) = a\9) = a0(2-|), ^e[0,r], 

which means that the ratio of the after-default and before-default for the return rate of the 
asset is smaller than 1 and for the volatility is larger than 1. Moreover, these ratios increase 
or decrease linearly with the default time respectively: the after-default rate of return drops to 
zero, when the default time occurs near the initial date, and converges to the before-default rate 
of return, when the default time occurs near the finite investment horizon. For the volatility, 
this ratio converges to the double (resp. initial) value of the before-default volatility, when the 
default time goes to the initial (resp. terminal horizon) time. Moreover, in order to satisfy 
the hypothesis in the simulation part of |14j . we have to assume that the default barrier L has 
no atoms (to ensure the density hypothesis, see Remark 14. 3 p and that L is independent of the 
filtration F (so that the default density is a deterministic function). In this case, pt{L) = 1. 
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Consider the CRRA utility U{x) = < p < I, the after-default value function is given 
from (14.9j) by 

where 




Furthermore, the solution of the before-default optimization problem is given by 

Vo{l) = YoU{Xo) 

where Y is the solution of the BSDE (|4.14p when letting = 0, i.e. 

(5.2) Yt = lT<n + ^T>nKr r ' + / /(^, 

P Jt 

where 

1 — p 

f{t,y)=P esssup {f/'ut — (i/tcr°)^}y. 

i^&Ai ,i/ti=—o 

We notice that in the case where the default time r/ occurs after the maturity T, the optimal 
strategy coincides with the classical Merton strategy with constraint tt G [—6, In the case 
where ti occurs before T, the process Y is stopped at r;, with the terminal value depending on 
the quantity K^, and the short-selling strategy —5 at ti. We use an iterative algorithm to solve 
the equation ()5.2p . 

The following results are based on the model parameters described below: fi^ = 0.03, 
= 0.2, r = 1, the risk aversion parameter p = 0.8. For the standard investor, we use 

the deterministic model as in [14] letting P(t > t) = e~'^*, A > so that the density function is 

a{e) = Xe~^^ for all 6 > 0. 

Figure [T] compares the optimal value function for insider, investor and Merton strategy. We 
fix the short-selling constraint 6 = 0.5, the loss given default 7 = 0.2 and the default intensity 
A = 0.3. This corresponds to a relatively high risk of default. At the default time, the value 
function suffers a brutal loss for all the three strategies. The insider outperforms the other two 
strategies before and after the default occurs. Before the default, the value function for the 
standard investor is smaller than the Merton one because the latter does not consider at all the 
potential default risk. However, when the default occurs, the investor outperforms the Merton 
strategy since the default risk is taken into account from the beginning. 

In Figure [21 we fix a smaller short-selling constraint 5 = 0.1 and we study the impact of 
the loss given default 7. We observe that the value functions for both insider and investor are 
increasing with respect to the loss value 7. It is interesting to emphasize this phenomenon as 
a consequence of the short-selling where both insider and the investor will profit the default 
event and obtain a larger value function. More precisely, in the left-hand figure, we consider 
a relatively low default risk (with the default intensity A = 0.1) and we observe that the gain 
of the insider with respect to the investor remains stable in time and also for different values 
of 7. Whereas in the right-hand figure with a higher default risk (A = 0.3), the impact of 7 is 
more important for the investor: before the default the value function of the investor increases 
more significantly as 7 increases, and there is no longer a drop at the default time. This can be 
explained by the fact that the investor has no limit for the short-selling strategy. 
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Figure 1: Value function insider vs investor and Merton: p = 0.2, A — 0.3 and 5 — 0.5. 
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Figure [3] shows what may happen in a extreme situation for the default and loss risks. For 
extreme parameters of default intensity A = 0.5 and loss value 7 = 0.5, we remark that the 
investor may outperform the insider, see the left-hand figure. In this situation, the investor bet 
on the occurrence of the default before T and short sell a big amount of the risky asset. The 
insider value function at time is higher for the investor, and then decreases rapidly until the 
default time : indeed, as the time goes on and the default has not occurred yet, the risk that the 
bet turns out to be wrong increases, and thus the value function decreases. At the default time, 
the investor makes profit of the short selling strategy, the value function being almost doubled. 
The right-hand figure illustrates the wealth process of the investor on a given scenario in which 
the default occurs after T despite extreme parameters for the default and loss risks (A = 0.5 and 
7 = 0.5). We observe large losses, which are induced by the wrong bet on default and extreme 
short selling positions. 



Finally, we study the role of the short-selling limit for different values of 5 in Figure HI Not 
surprisingly, the gain of the insider is an increasing function of 5. 
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Figure 2: Value function insider vs investor: 6 = 0.1 
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Figure 3: Extreme scenarios of default : A = 0.5, 5 = 0.1 
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Figure 4: The impact of tlie sliort-selling constraint, A = 0.3 and 7 = 0.5. 



2.6 

investor 

insider,6=0.01 

- ■ - ■ insider, 6=1 
insider, 6=3 



> 




0.8 • 



0.6 - 

0.2 0.4 0.6 0.8 1 

time t 



26 



